Abstract. Let R be a commutative noetherian ring, I, J be two ideals of R, M be an R-module, and S be a Serre class of R-modules. A positive answer to the Huneke , s conjecture is given for a noetherian ring R and minimax R-module M of krull dimension less than 3, with respect to S. There are some results on cofiniteness and artinianness of local cohomology modules with respect to a pair of ideals.
Introduction
As a generalization of the notion of local cohomology modules, R. Takahashi, Y. Yoshino, and T.
Yoshizawa [36] , introduced local cohomology modules with respect to a pair of ideals. This paper is concerned about this new notion of local cohomology and Serre subcategories. For notations and terminologies not given in this paper, if necessary, the reader is referred to [36] and [1] .
Throughout this paper, R is denoted a commutative noetherian ring with non-zero identity, I , J are denoted two ideals of R, and M is denoted an arbitrary R-module. The (I, J)-torsion submodule Γ I,J (M ) of M is a submodule of M consists of all elements x of M with Supp(Rx) ⊆ W (I, J), in which W (I, J) = { p ∈ Spec(R) | I n ⊆ p + J for an integer n ≥ 1}.
For an integer n, the n-th local cohomology functor H n I,J with respect to (I, J) is the n-th right derived functor of Γ I,J . The R-module H n I,J (M ) is called the n-th local cohomology module of M with respect to (I, J). In the case J = 0, H n I,J coincides with the ordinary functor H n I . Also, we are concerned with the following set of ideals of R:
subcategory S, instead of the category of finitely generated modules. Let R be a noetherian (not necessary local) ring. Let R/m ∈ S for all m ∈ Max(R). For any minimax R-module M of krull dimension less than 3, we show that Ext j R R/m, H i I (M ) ∈ S for any m ∈ Max(R) ∩ V(I) and all i, j ≥ 0. In particular Hom R R/m, H i I (M ) ∈ S for any m ∈ Max(R) ∩ V(I) and all i ≥ 0 (see Theorem 2.14). We get the same result for local cohomology modules with respect to a pair of ideals, but in local case (see Theorem 2.18) .
In section 3, we obtain some results on cofiniteness and artinianness of local cohomology with respect to a pair of ideals.
M. Aghapournahr and L. Melkersson in [1] , obtained some conditions in which the ordinary local cohomology H i I (M ) belongs to S for all i < n (from below). In section 4, as a complement of this work, we study some conditions in which the local cohomology H i I,J (M ) belongs to S for all i > n (from top). For a ZD-module M of finite krull dimension, we show that if the integer n ∈ N is such that H i I,J (M ) ∈ S for all i > n, then the modules
, all i ≥ n, and all j ≥ 0 (see Theorem 4.4). Replacing S with some familiar Serre subcategories such as zero modules, finite modules, and artinian modules (resp.), we show that a necessary and sufficient condition for H n I,J (M ) to be zero, inite, and artinian (resp.), is the existence of an integer m ∈ N 0 such that I m H n I,J (M ) is zero, finite, and artinian (resp.) (see Corollary 4.6).
More generally, for a finite R-module M if n ∈ N 0 is such that H In this section, Proposition 2.5 plays a main role to obtain our results. For this purpose we need the following Lemmas.
Lemma 2.1. For a Serre class S, we have S = 0 if and only if R/m ∈ S for some m ∈ Max(R).
Proof. (⇒) Let L ∈ S and 0 = x ∈ L. Then (0 : R x) ⊆ m for some m ∈ Max(R). Now, since Rx ∈ S, the assertion follows from the natural epimorphism Rx ∼ = R/(0 : R x) → R/m. 
in which, for all 1 ≤ j ≤ ℓ, N j /N j−1 ∼ = R/m for some m ∈ Max(R). Now, the assertion can be followed by induction on ℓ. (ii) Since M is minimax, there exists a short exact sequence
where N is a finite module and A is an artinian module. This induces the exact sequence
Now, the assertion follows from part (i).
(iii) Apply Lemma 2.1 and part (ii).
in particular, for any ideal b of R with b ⊇ I, we have
Proof. All proofs are easy and we leave them to the reader. Proposition 2.8. Let a ∈W (I, J) and t ∈ N 0 . Consider the natural homomorphism
∈ S for n = t, t + 1 and for all j < t, then Ker ψ and Coker ψ both belong to S. Thus Ext
Proof. Let F(−) = Hom R R/a, − and G(−) = Γ I,J − . By Lemma 2.7, FG = F. Now, the result can be followed by [2, Proposition 3.1].
The next result can be a generalization of main results of [7] , [25] , [11] , [18] , [26] , [8] , and [6] .
Theorem 2.9. Let a ∈W (I, J) and t ∈ N 0 be such that Ext t R R/a, M ∈ S and Ext
∈ S for n = t, t+1 and for all j < t. Then for any submodule N of
All the statements are hold for a = I. Example 2.11. In Theorem 2.9, the assumption Ext t R R/a, M ∈ S is necessary. To see this, let (R, m) be a local Gorenstein ring of positive dimension d, and
Proof. (i) Apply Proposition 2.8 and the exact sequence
One of the main result of this paper is the following theorem which is a generalization of [7, Theorem 2.12] Theorem 2.12. Let R/m ∈ S for all m ∈ Max(R). Let M be a minimax R-module and t ∈ N 0 be such that Ext
Proof. The assertion follows from Proposition 2.5 (ii) and Theorem 2.9. Proof. Apply Proposition 2.5 and Theorem 2.12.
The following familiar conjecture is due to Huneke [23] .
Conjecture. Let (R, m, k) be a regular local ring and I be an ideal of R. For all n, soc H n I (R) is finitely generated.
As we mentioned in the introduction, the following theorem which is one of the main result of this section, can be a positive answer to Huneke , s conjecture. In fact the following theorem proves a generalization of the conjecture for an arbitrary noetherian ring R (not necessary regular local one), a minimax R-module M of krull dimension less than 3, and a Serre class S.
Theorem 2.14. Let R be a noetherian ring and M be a minimax R-module of krull dimension less than 3. Let R/m ∈ S for any m ∈ Max(R). Then Ext Finally if dimM ≤ 1, we can obtain the desired result in similar way.
Corollary 2.15. Let R be a noetherian ring of dimension less than 3 and let M be a minimax R-module.
Let R/m ∈ S for any m ∈ Max(R). Then Ext One can generalize Theorem 2.14 for local cohomology modules with respect to a pair of ideals, but in local case. To do this, we need the following lemma. Proof. Apply Lemma 2.17, Proposition 2.5, and the same method of the proof of Theorem 2.14.
The next ressults can be useful for finiteness of Bass numbers of local cohomology modules over a noetherian ring and modules of krull dimension 3. Recall that an R-module M is called locally minimax if M m is minimax for any m ∈ Max(R) (see [3] ). [37] and [15] , resp.) Theorem 3.1. Let (R, m) be a local ring and M be a finite R-module. Let t ∈ N be an integer such that Supp(H i I,J (M )) ⊆ {m} for all i < t. Then, for all i < t, the R-module H Proof. All these statements follow easily from the definitions. We will only prove the statement (v). Since 
In [19] , authors introduced the concept of ZD-modules. An R-module M is said to be a ZD-module Also, if S is the class of Artinian R-modules, we get
We denote it by q(I, J, M ). 
